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SWETRIC CWPOSITE LAMINATE STRESS ANALYSIS 
T. Uang, K. F. Smolinski,  and S. G e l l i n  
B e l l  Aerospace Textron, Buffalo,  New York 
I n  t h i s  paper i t  is demonstrated t h a t  COSMIC/%STRAN may be used t o  ana lyze  
p l a t e  a rd  s h e l l  s t r u c t u r e s  made of symmetric composite laminates .  Although g e n e r a l  
composite laminates  cannot be analyzed us ing  K4STRAN, t h e  t h e o r e t i c a l  development 
presented he re in  i n d i c a t e s  t h a t  t h e  i n t e g r a t e d  c o n s t i t u t i v e  laws of a  symmetric 
composite laminate resemble those  of a homogeneous a n i s o t r o p i c  p l a t e ,  which can be  
analyzed us ing  NASTRAN. h d e t a i l e d  a n a l y s i s  procedure is presented ,  a s  w e l l  a s  a n  
i l l u s t r a t i v e  example. 
INTRODUCTION 
Composite lamina tes  have been used i n  many engineer ing  s t r u c t u r e s  recer i t ly ,  
a d  r e sea rche r s  i n  t h i s  f i e l d  have developed many f i n i t e  element programs [ I ] .  To 
d a t e ,  t h e  composite laminate theory has n o t  been inccrpora ted  i n t o  any NASTRAN 
p l a t e  element formulat ion [2] .  
The governing equi l ibr ium equat ions  f o r  symmetric lamina tes  resemble those  f o r  
a n i s o t r o p i c  p l a t e s  [ 3 ] .  Since  MSTRAN possrsse-  t h e  c a p a b i l i t y  t o  ana lyze  aniso-  
t r o p i c  p l a t e s ,  symmetric lamina tes  can b e  analyzed us ing  NASTRAN i f  t h e  equ iva l en t  
a n i s o t r o p i c  p l a t e  material p r o p e r t i e s  can be obtained.  
The purpose of t h i s  s tudy is t o  o b t a i n  equ iva l en t  a n i s o t r o p i c  p l a t e  m a t e r i a l  
p r o p e r t i e s  f o r  symmetric laminates  c o n s i s t e n t  wi th  t h e  governing p l a t e  theory ,  and 
thus  extend t h e  c a p a b i l i t y  of  NASTRAN t o  inc lude  a n a l y s i s  of symmetric lamiirates. 
This  t h e o r e t i c a l  formulat ion is given i n  t h e  next  s ec t ion .  Subsequsn:ly, a s tep-  
by-step a n a l y s i s  procedure and ar. i l l u s t r a t i v e  example problem a r e  presented.  
THEORY 
The c l a s s i c a l  laminate theory [ 4 ]  w i l l  be used. A Car t e s i an  c o o r d i r ~ a t e  system 
is assumed w i t -  :he x-y plane loca ted  a t  t h e  midplane of t h e  laminate.  The normal 
coo rd ina t e  is ., and t h e  t o t a l  lamiiiate t h i ckness  is h. The laminate  c o n s i s t s  of 
p e r f e c t l y  bonded laminae. I f  h  is considered smal l  compared t o  t h e  x and y dimen- 
s i o n s  of t h e  laminate,  :he Kirchoff hypothes is  may be assumed t o  be  app l i cab l s .  
The displacements  can then be w r i t t e n  a s  
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where Uo, Vo, and Wo a r e  t h e  midplane d i sp lacements  i n  t h e  x, y ,  and z d i r e c t i o n s ,  
r e spec t i ve ly .  The s t r a i n s  a t  d i s t a n c e  from t h e  midplane can be w r i t t e n  a s  
where 
The c o n s t i t u t i v e  l a v  a t  any po in t  i n  t h e  lcmina te  nay be  v r i t t e n  i n  t h e  form 
where (a,. Oy, T ~ ~ )  a r e  t h e  stresses and t h e  qij a r e  t h e  reduced moduli. 
Re l a t i ons  between t h e  s t r e s s  and morent r e s u l t a n t s  ard t h e  s t r e t c h i n g  and 
cu rva tu re  s t r a i n s  a r e  ob ta ined  by i n t e g r a t i n g  Equation (4)  through t h e  th ickness ;  
s p e c i f i c a l l y ,  
where 
P re sen t ly ,  t he  gene ra l  form Equation (5) is not  used f o r  a;:y p l a t e  element i n  
NASTRAN; however, i f  t h e  lamina te  is symmetric, then  Bij=O, and t h u s  t he  inplal ie  
ex tens ion  and out: of p lane  bending e f f e c t s  decouple. Equ iva l e~ l t  a t ~ i s o t r o ~ i c  
c o n s t i t u t i v e  laws can be w r i t t e n  f o r  each e f f e c t .  For i n  p lane  ex tens ion ,  t he  
equ iva l en t  s t r e s s - s t r a i n  law i s  
and f o r  bending i t  is 
The c o e f f i c i e n t s  i n  Equations (7)  and (8) a r e  denoted a s  t h e  equ iva l en t  a n i s o t r c p i c  
m a t e r i a l  p rope r t i e s .  S ince  NASTRAN can be used f o r  t h e  stress a n a l y s i s  of a hon~ge -  
neous a n i s o t r o p i c  p l a t e ,  i t  can thus  b e  used f o r  symmetric lamina te  stress s n a l y s i s .  
THE ANALYSIS PROCEDlTRE 
incorpora t ing  the  aforementioned theory i n t o  NASTRAN f o r  symmetric lamina te  
s t r e s s  a n a l y s i s  is not  a s t r a igh t fo rward  task .  The a n a l y s i s  procedure may be out- 
l i n e d  a s  fol lows:  
(1)  The t h e o r e t i c a l  development presented above is used t o  c a l c u l a t e  t h e  coef- 
f  i c i e n t s  of Equations (7) and (8).  The r e s u l t s  a r e  input ted  t o  NASTRAS 
by using MAT2 cards .  
(2 )  To ana lyze  p l a t e  o r  shal low s h e l l  s t r u c t u r e s , p l a t e  elements CTRIAl and/or  
CQUADl a r e  used, w i th  a s soc i a t ed  MAT2 cards.  Output w i l l  i nc lude  g r i d  
point  2icplacements and t h e  midplane s t r e t c h i n g  and cu rva tu re  s t r a i n s  of 
each element. 
(3) The s t r a i n s  i n  each l a y e r  of t h e  element a r e  c a l c u l a t e d  us ing  Equation (2) 
and t h e  s t r e s s e s  i n  t h e  l aye r  a r e  ca l cu l a t ed  us ing  Equation (4).  
(4)  The s c r e s s e s  i n  each l aye r  a r e  transformed t o  t h e  p r i n c i ? a l  m a t e r i a l  
d i r e c t i o n s  and t h e  f a i l u r e  c r i t e r i o n  151 
is used f o r  p ly  f a i l u r e  evnlue,inn. I f  t h e  va lue  of F exceeds u n i t y ,  
t h a t  l aye r  is f a i l e d .  
EXAMPLE PkOBLPI 
A Kevlar 49*/Epoxy cylindrical s h e l l  wi th  [-60/0/60] 3s layup is  used t o  i l l u s -  
t r a t e  t h e  a n a l y s i s  procedure. The geometry 2i.d f i n i t e  element mesh a r e  shown i n  
Figure 1. The mechanical p r o p e r t i e s  i n  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  1 and 2 of a 
u n i d i r e c t i o n a l l y  r e in fo rced  lamina a r e  
where t h e  1 and 2 d i r e c t i o n s  a r e  p a r a l l e l  and normal t o  t h e  f i b e r  d i r e c t i o n ,  
r e spec t ive ly .  The u l t i m a t e  s t r e n g t h s  of t h e  lamina a r e  
S,, = 6.00X lo7  Pa 
where T and C denote t ens ion  anti coxpression,  r e spec t ive ly .  The s h e l l  was sub- 
j ec t ed  t o  6895 Pa ( 1  p s i )  uniform p re s su re  and its psr iphery  was pinned. 
The equ iva l en t  homogeneous a n i s o t r o p i c  p lace  c o n s t i t u t i v e  l a w  f o r  i n  p lane  
c a l c u l a t i o n  was c a l c u l a t e d  a s  
while  f o r  bending i t  was 
The i npu t  t o  NASTRAN was made according t o  S tep  (2)  of Che procedure given above. 
The output  displacement  contours  i n  t h e  x, y, and z d i r e c t i o n s  a r e  shown i n  
Figures 2 ,  3, and 4, r e spec t ive ly .  Note t h a t  t he se  deformations a r e  n o t  symmetric 
wi th  r e s p e c t  t o  t h e  c e n t e r l i n e s  of t h e  s h e l l .  This  is due t o  t h e  presence of t h e  
Dl, and D2, terms. 
Table 1 summarizes t he  l a y e r  s t r e s s e s  i n  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  f o r  a  
t y p i c a l  clement. The small  va lues  of F i n d i c a t e  t h a t  no p ly  f a i l u r e s  occur .  
*Kevlar 49 aramid f i b e r s ,  manufactured by E. I. duPont de Nemours & Co., Iqc .  
CONCLUSIONS AND SUGGESTIONS 
NASTWN has been demonstrated t o  be  a f e a s i b l e  t o o l  f o r  t h e  stress a n a l y s i s  of 
symmetric composite laminates ,  though equiva len t  a n i s o t r o p i c  m a t e r i a l  p r o p e r t i e s  
and l a y e r  stress c a l c u l a t i o n s  must b e  performed o u t s i d e  t h e  NASTRAN framework. To 
inc rease  t h e  NASTRAN a n a l y s i s  c a p a b i l i t y  t o  unsymmetric lamina te  and t o  s imp l i fy  
t h e  a n a l y s i s  procedure, i t  wocld be worthwhile t o  i nco rpo ra t e  tile- newly developed 
composite lamina te  f i n i t e  element programs i n t o  N.rSTRAN i n  o rde r  t o  ana lyze  t he  
ever - increas ing  number of composite laminate s t r u c t u r e s .  
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